In this paper, we investigate the structure of a group G under the assumption that every subgroup of order p m of a Sylow p-subgroup of G belongs to HðGÞ for a given positive integer m. Some results related to p-nilpotence and supersolvability of a group G are obtained.
Introduction
All groups considered in this paper are finite. A group G is called a T-group if every subnormal subgroup of G is normal in G. Since Gaschü tz's groundbreaking article [5] , the class of supersolvable T-groups has been extensively investigated. Recently, Bianchi et al. in [2] introduced the concept of H-subgroups and investigated the properties of these subgroups. They proved that a group G is a supersolvable Tgroup if and only if every subgroup of G is an H-subgroup. Later, Csö rgö and Herzog [4] proved that a group G is supersolvable if every cyclic subgroup of G of prime order or 4 is an H-subgroup; Asaad [1] proved that a group G is supersolvable if every maximal subgroup of every Sylow subgroup of G is an H-subgroup.
Inspired by the above results, one might ask whether a group G is supersolvable if every subgroup with a given order p m is an H-subgroup, where P is a Sylow psubgroup of G and 1 < p m < jPj. To answer this question, we first investigate the pnilpotency of a group and then the supersolvability of a group. Some new conditions for a group to be p-nilpotent or supersolvable are given and many known results are generalized.
After we completed this paper, we learned from Professor Chris Parker that Goldschmidt had investigated the relationship between the structure of groups and strongly closed subgroups (see [11] , [12] ). For example, Goldschmidt proved that ½hS G 1 i; hS G 2 i J OðGÞ if a finite group G contains a direct product S 1 Â S 2 of two strongly closed 2-subgroups, where OðGÞ is the largest normal subgroup of G of odd order (see [11] ). It is easy to see that being an H-subgroup is the same as being a strongly closed subgroup.
Preliminaries
Following Bianchi et al. [2] , we call a subgroup H of a group G an H-subgroup of G if the following condition is satisfied:
We write HðGÞ to denote the set of all H-subgroups of a group G. For the sake of convenience, we list here some known results which are crucial in proving our main results.
Lemma 2.1. Let K and H be subgroups of a group G.
(1 A normal subgroup H of a group G is said to be supersolvably embedded in G if every G-chief factor contained in H has prime order. Let U be the class of the supersolvable groups. We use Z U y ðGÞ to denote the U-hypercenter of a group G, that is, the product of all normal subgroups of G whose G-chief factors have prime order. As an immediate consequence of [3, Theorem 1], we have the following result.
Lemma 2.9. Let p be an odd prime dividing the order of a group G and P be a psubgroup of G. If every minimal subgroup of P is normal in G, then every minimal subgroup of P=W i ðPÞ is normal in G=W i ðPÞ for all i.
Lemma 2.10. Let P be an elementary abelian p-subgroup of a group G and D a subgroup of P with 1 < jDj < jPj. If every subgroup of P of order jDj is normal in G, then every minimal subgroup of P is normal in G.
Proof. Assume that p k c p m ¼ jDj is minimal such that every subgroup of P of order p k is normal in G. If k ¼ 1, then we are done. Now assume that k > 1. Let E c P have order p kÀ1 . Then P=E is elementary abelian of order at least p 2 . Let N, N Ã be two subgroups of order
Hence every subgroup of P of order p kÀ1 is normal in G, a contradiction. Thus the proof of the lemma is complete. r
Results
In this section, we will prove our main results. Theorem 3.1. Let p be an odd prime dividing the order of a group G and P a Sylow psubgroup of G. Then G is p-nilpotent if and only if N G ðPÞ is p-nilpotent and when P is not cyclic there exists a subgroup D of P with 1 < jDj < jPj such that every subgroup of P of order jDj belongs to HðGÞ. Remark 3.2. We do not know whether the above result holds when p ¼ 2.
Proof of Theorem 3.1. Suppose, first, that G is p-nilpotent. Then, by Lemma 2.4, N G ðPÞ is p-nilpotent and every maximal subgroup of P belongs to HðGÞ.
Conversely, if P is cyclic, then N G ðPÞ ¼ C G ðPÞ is p-nilpotent. Burnside's theorem [6, Theorem 7.4.3] implies that G is p-nilpotent. Thus P is not cyclic. Suppose that our theorem is false and let G be a counter-example of least order. We shall prove a series of claims that lead to a contradiction.
(1) O p 0 ðGÞ ¼ 1.
Let G ¼ G=O p 0 ðGÞ. Since N G ðPÞ ¼ N G ðPÞ is p-nilpotent, it is easy to see that G satisfies the hypotheses of the theorem by Lemma 2.1. If O p 0 ðGÞ 0 1, then the minimality of G implies that G is p-nilpotent and therefore G is p-nilpotent, a contradiction.
Clearly N M ðPÞ c N G ðPÞ. We see that M satisfies the hypotheses of our theorem by Lemma 2.1. The minimality of G implies that M is p-nilpotent. Thus claim (2) follows.
(3) O p ðGÞ 0 1 and G=O p ðGÞ is p-nilpotent. Furthermore G ¼ PQ is solvable where Q A Syl q ðGÞ with q 0 p.
By a result of Thompson [10] , there exists a characteristic subgroup U of P such that N G ðUÞ is not p-nilpotent. Since N G ðPÞ is p-nilpotent, we may choose a characteristic subgroup U of P such that N G ðUÞ is not p-nilpotent, but N G ðKÞ is p-nilpotent for every characteristic subgroup K of P with U < K c P. Since N G ðPÞ c N G ðUÞ and N G ðUÞ is not p-nilpotent, we must have N G ðUÞ > N G ðPÞ. Then, by (2), we obtain N G ðUÞ ¼ G. Thus O p ðGÞ 0 1 and N G ðKÞ is p-nilpotent for every characteristic subgroup K of P satisfying P d K > O p ðGÞ. Using again the same result of Thompson [10] , we see that G=O p ðGÞ is p-nilpotent and therefore G is p-solvable. It follows that G has a Sylow q-subgroup Q such that G 1 ¼ PQ is a subgroup of G for any q A pðGÞ with q 0 p; see [6, Theorem 6 
By (2), we may let T be a normal p-complement of the subgroup N G ðPÞ. Since T c C G ðO p ðGÞÞ c O p ðGÞ, we see that T ¼ 1 and so N G ðPÞ ¼ P.
(5) If N is a minimal normal subgroup of G contained in P, then jNj c jDj and G=N is p-nilpotent.
Let jNj > jDj. Then, by the hypotheses of our theorem, every subgroup H of N of order jDj belongs to HðGÞ. Since H is subnormal in G, by Lemma 2.2, H is normal in G, which contradicts the minimality of N. Thus jNj c jDj. If jNj < jDj, then it is easy to see that G=N satisfies the hypotheses of our theorem and hence G=N is pnilpotent by the choice of G, as desired. Now we assume jNj ¼ jDj. If jP : Dj ¼ p, then, by Lemma 2.4, G is p-nilpotent, a contradiction. Thus jP : Dj > p. Now we claim that H belongs to HðG=NÞ for every subgroup H ¼ H=N of P=N of order p. In fact, if jNj ¼ p, then every minimal subgroup A of P belongs to HðGÞ and so A A HðPÞ by Lemma 2.1. Since A is subnormal in P, by Lemma 2.2, it follows that A t P ¼ N G ðPÞ. Therefore, A is contained in the center of N G ðPÞ and hence G is p-nilpotent by Lemma 2.5, a contradiction. So jNj > p and N is not cyclic. Let L be a maximal subgroup of H with L 0 N; then H ¼ LN. Since L is subnormal in N G ðPÞ and belongs to HðN G ðPÞÞ, it follows that N c N G ðPÞ c N G ðLÞ. By Lemma 2.3, H belongs to HðG=NÞ. Thus G=N satisfies the hypotheses of our theorem. Therefore G=N is p-nilpotent by the minimality of G. Since O p ðGÞ 0 1 and the class of all p-nilpotent groups is a saturated formation (6) and so jDj < jTj ¼ jNj, which is a contradiction with (5) . So N G ðTÞ < G. Since P c N G ðTÞ, N G ðTÞ is p-nilpotent by (2) and therefore N M ðTÞ is p-nilpotent. Thus we have 1 < jNj c jDj < jTj by (5) and every subgroup H of T of order jDj belongs to HðMÞ by Lemma 2.1. The choice of G implies that M is p-nilpotent and therefore M ¼ T y Q. It follows that G is p-nilpotent, which is the final contradiction. The proof of the theorem is complete. r Remark 3.3. In Theorem 3:1, the assumption that N G ðPÞ is p-nilpotent is essential. To illustrate the situation, we consider the semidirect product G ¼ H z hci where H ¼ hai Â hbi with oðaÞ ¼ oðbÞ ¼ 5 2 and oðcÞ ¼ 2 defined by a c ¼ a À1 and b c ¼ b À1 . Then the subgroups of G of order 5 2 are normal in G, but G is not 5-nilpotent. However, if p is the smallest prime dividing the order of a group, then the result holds. In fact, we have the following result.
Theorem 3.4. Let G be a group of odd order, p the smallest prime divisor of jGj and P a Sylow p-subgroup of G. If P is cyclic or P has a subgroup D with 1 < jDj < jPj such that every subgroup of P of order jDj belongs to HðGÞ, then G is p-nilpotent.
Proof. Suppose that the theorem is not true and let G be a counter-example of least order.
If P is cyclic, then, by [6, Theorem 7.6.1], G is p-nilpotent, a contradiction. So we may assume that P is non-cyclic. If N G ðPÞ < G, then, by the hypotheses of our theorem and Lemma 2.1, H belongs to HðN G ðPÞÞ for every subgroup H of P of order jDj, and N G ðPÞ satisfies the hypotheses of our theorem. The minimality of G implies that N G ðPÞ is p-nilpotent. By Theorem 3.1, G is p-nilpotent, a contradiction. Thus P is normal in G.
If jP : Dj ¼ p, then every maximal subgroup of P belongs to HðGÞ. It follows from Lemma 2.6 that G is p-nilpotent, a contradiction. Now we may assume jP : Dj > p.
Let B be a subgroup of P of order jDj. Since B belongs to HðGÞ and is subnormal in G, by Lemma 2.2, B is normal in G. Let N be a minimal normal subgroup of G with N c P. Lemma 2.10 implies that jDj d jNj. We consider the quotient group G ¼ G=N. If jDj > jNj, then, by Lemma 2.1, G=N satisfies the hypotheses of our theorem and hence G=N is p-nilpotent. If jDj ¼ jNj, then a lemma of Itô (see [7, IV, Satz 5.5]) implies that jNj > p because p is the smallest prime divisor of jGj. Let K ¼ K=N be a subgroup of P=N of order p. Since K is not cyclic, there exists a maximal subgroup L of K such that K ¼ LN. By our hypotheses, L belongs to HðGÞ and therefore L t G. Hence, every minimal subgroup of P=N is normal in G=N. Again by using Itô 's lemma [7, IV, Satz 5.5], G=N is p-nilpotent. Since the class of all pnilpotent groups is a saturated formation, we may assume that N is the unique minimal normal subgroup of G contained in P and FðPÞ ¼ 1. However, since every subgroup of P of order jDj is normal in G, every subgroup of order p must be normal in G by Lemma 2.10, which is a contradiction to N being the unique minimal normal subgroup of G. The proof is now complete. r Now we will investigate the supersolvability of a group. Theorem 3.5. Let G be a group of odd order. If each non-cyclic Sylow subgroup P of G has a subgroup D with 1 < jDj < jPj such that every subgroup of P of order jDj belongs to HðGÞ, then G is supersolvable.
Proof. By Theorem 3.4, G possesses a Sylow tower of supersolvable type. Let p be the largest prime dividing the order of G and P a Sylow p-subgroup of G; then P is normal in G. By Lemma 2.1 (3), G=P satisfies the hypotheses of our theorem and hence G=P is supersolvable by induction. If P is cyclic, then G is supersolvable. So we may assume that P is not cyclic. Since every subgroup of P of order jDj belongs to HðGÞ and is subnormal in G, by Lemma 2.2, every subgroup of P of order jDj is normal in G. Let N be a minimal normal subgroup of G contained in P. Lemma 2.10 implies that jNj c jDj. Assume jNj ¼ jDj. In this case, we claim that jNj ¼ p. If jNj > p, then N is not cyclic. Let H ¼ H=N be a subgroup of P ¼ P=N of order p. Then H has a maximal subgroup L such that H ¼ LN and L t G. However, 1 0 L V N t G, which contradicts the minimality of N. Thus jNj ¼ p, and this means that every minimal subgroup of P is normal in G. By Lemma 2.7, G is supersolvable, as desired. Now we may assume that jNj < jDj. By Lemma 2.1, G=N satisfies the hypotheses of our theorem and so by induction is supersolvable. Since the class of supersolvable groups is saturated, we may assume that N is the unique minimal normal subgroup of G contained in P. Let K be a subgroup of P of order jDj. Since K is normal in G, the unique minimality of N implies that N c K. Noting that jKj ¼ jDj < jPj, it follows that N is contained in every maximal subgroup of P, that is, N c FðPÞ c FðGÞ. Since G=N is supersolvable, we immediately have that G is supersolvable. Thus the proof of our theorem is complete. r Theorem 3.6. Let G be a group of odd order and E t G such that G=E is supersolvable. If every non-cyclic Sylow subgroup P of E has a subgroup D with 1 < jDj < jPj such that every subgroup of P of order jDj belongs to HðGÞ, then G is supersolvable.
Proof. Assume that the theorem is false and let G be a counter-example such that jGj jEj is minimal.
By Lemma 2.1 and Theorem 3.5, E is supersolvable. Let p be the largest prime dividing jEj and P a Sylow p-subgroup of E. Then P is normal in G. By Lemma 2.1 (3), clearly G=P with its normal subgroup E=P satisfies the hypotheses of our theorem. Since jG=Pj jE=Pj < jGj jEj, it follows that G=P is supersolvable by the choice of G and therefore E ¼ P. If P is cyclic, then so is G, a contradiction. Thus P is not cyclic. Let N be a minimal normal subgroup of G contained in P. With the same argument as in Theorem 3.5, we see that jNj c jDj and that every subgroup of P of order jDj is normal in G. We will prove that G=N is supersolvable. Clearly, ðG=NÞ=ðP=NÞ G G=P is supersolvable. If jNj < jDj, then, by Lemma 2.1, G=N with its normal subgroup P=N satisfies the hypotheses of our theorem and so G=N is supersolvable by the choice of G. We may now assume jNj ¼ jDj. If P=N is cyclic, then, by Lemma 2.1 (3), G=N with its normal subgroup P=N satisfies the hypotheses of our theorem and hence G=N is supersolvable. Thus P=N is non-cyclic and jP : Dj > p. If jNj ¼ p, then, by Lemma 2.2, every minimal subgroup of P is normal in G. By Lemma 2.7, G is supersolvable, a contradiction. So jNj > p and N is noncyclic. Let H=N be a subgroup of P=N of order p. Then H has a maximal subgroup L such that H ¼ LN and L t G, that is, every subgroup of P=N of order p is normal in G=N. By Lemma 2.1 (3), it follows that G=N with its normal subgroup P=N satisfies the hypotheses of our theorem, and the choice of G implies that G=N is supersolvable. Since the class of supersolvable groups is a saturated formation, we may assume that N is the unique minimal normal subgroup of G contained in P and further N G FðGÞ. Thus P is an elementary abelian p-group. Let M be maximal subgroup of G such that G ¼ MN ¼ MP. Since P V M t G, we have P V M ¼ 1 by the minimality of N and so P ¼ NðP V MÞ ¼ N, which is a contradiction with jNj c jDj < jPj, the hypotheses of our theorem. The proof of our theorem is complete. r Before stating Theorem 3.7, we first recall that the Fitting subgroup F ðGÞ of a group G is the subgroup generated by all normal nilpotent subgroups of G.
Theorem 3.7. Let G be a group of odd order and E t G such that G=E is supersolvable. If every non-cyclic Sylow subgroup P of F ðEÞ has a subgroup D with 1 < jDj < jPj such that every subgroup of P of order jDj belongs to HðGÞ, then G is supersolvable.
Proof. Assume that the theorem is not true and let G be a counter-example such that jGj jEj is minimal.
(1) There exists at least one non-cyclic Sylow subgroup of F ðEÞ.
If every Sylow subgroup of F ðEÞ is cyclic, then F ðEÞ is cyclic and hence every subgroup of F ðEÞ is normal in G. Let A be a minimal subgroup of F ðEÞ; then A c ZðEÞ c F ðEÞ and therefore F ðE=AÞ ¼ F ðEÞ=A. Since ðG=AÞ=ðE=AÞ G G=E is supersolvable, G=A satisfies the hypotheses of our theorem with its normal subgroup E=A. It follows from jG=Aj jE=Aj < jGj jEj that G=A is supersolvable and therefore G is supersolvable, a contradiction.
Let p be a prime dividing jF ðEÞj and P a non-cyclic Sylow p-subgroup of F ðEÞ. Then there exists a subgroup D of P with 1 < jDj < jPj such that every subgroup of P of order jDj belongs to HðGÞ. Further, 
is supersolvable. We will prove that G=P 0 is supersolvable. If jP 0 j < jDj, then, by Lemma 2.1, G=P 0 with normal subgroup ðC G ðP 0 Þ V EÞ=P 0 satisfies the hypotheses of our theorem, and the choice of G implies that G=P 0 is supersolvable. If jP 0 j > jDj, then H t G for every subgroup H of P 0 of order jDj. By Lemma 2.10, every minimal subgroup of P is normal in G. Thus every minimal subgroup of P=P 0 is normal in G=P 0 by Lemma 2.9. It follows from Lemma 2.1 (3) that G=P 0 with its normal subgroup ðC G ðP 0 Þ V EÞ=P 0 satisfies the hypotheses of our theorem and therefore G=P 0 is supersolvable by the choice of G. Now we may assume jP 0 j ¼ jDj. Let K=P 0 be a minimal subgroup of P=P 0 . Since P is not cyclic, we see that jP 0 j > p. Then there exists a maximal subgroup L of K such that K ¼ LP 0 and L t G, that is, every minimal subgroup of P=P 0 is normal in G=P 0 . The same argument as above shows that G=P 0 is supersolvable. Since P 0 c Z U y ðGÞ, we immediately have that G is supersolvable, a contradiction.
(3) Every minimal normal subgroup of G contained in P is non-cyclic.
Assume that G has a minimal normal subgroup N contained in P such that N is cyclic. Thus N is a minimal subgroup of P. Since N is a supersolvably embedded subgroup of G, by Lemma 2.8, G=C G ðNÞ is supersolvable and so is G=C E ðNÞ. It follows from N c ZðC E ðNÞÞ that F ðC E ðNÞ=NÞ ¼ F ðC E ðNÞÞ=N. Therefore, since F ðC E ðNÞÞ c F ðEÞ and F ðEÞ c C E ðNÞ, we have that F ðC E ðNÞ=NÞ ¼ F ðEÞ=N. If jDj ¼ jNj, then every minimal subgroup of P is normal in G and hence P 0 c Z U y ðGÞ V ZðPÞ, which contradicts (2) . If jDj > jNj, then, by Lemma 2.1, G=N with its normal subgroup C E ðNÞ=N satisfies the hypotheses of our theorem. Thus G=N is supersolvable by the choice of G and therefore G is supersolvable, a contradiction.
(4) FðGÞ V P ¼ 1.
Assume that FðGÞ V P 0 1. Let T be a minimal normal subgroup of G contained in FðGÞ V P. We consider the quotient G=T and its normal subgroup E=T. Lemma 2.10 implies that jDj d jTj. If jDj > jTj, then, since F ðE=TÞ ¼ F ðEÞ=T, the group G=T satisfies the hypotheses of our theorem by Lemma 2.1. Hence G=T is supersolvable and therefore G is supersolvable, a contradiction. Thus jDj ¼ jTj and jP : Dj > p. Let H=T be a subgroup of P=T of order p. Since H is non-cyclic by (3), there exists a maximal subgroup L of H such that H ¼ LT and L t G. Thus every minimal subgroup of P=T is normal in G=T. By Lemma 2.1 (3), G=T with its normal subgroup E=T satisfies the hypotheses of our theorem and hence G=T is supersolvable by the choice of G. So G is supersolvable, a contradiction.
(5) The final contradiction.
By (4), we have FðPÞ ¼ 1 and so P is an elementary abelian p-group. Since every subgroup of P of order jDj belongs to HðGÞ and is subnormal in G, by Lemma 2.2, every subgroup of P of order jDj is normal in G. By Lemma 2.10, every minimal group of P is normal in G, which contradicts (3). Thus the proof of our theorem is complete. r
